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1. Introduction
Taft [1] first introduced the economic production quantity (EPQ) model (also known as the economic manufacturing
quantity (EMQ) model) to assist practitioners in the production and inventory control fields to determine the economic
replenishment lot size that minimizes total production–inventory costs. The classic EMQ model implicitly assumes perfect
quality production for all items produced and a continuous inventory issuing policy for satisfying customers’ demands. How-
ever, in real-life vendor–buyer integrated supply chains, themultiple shipment policy is practically used in lieu of a continu-
ous issuing policy, and the generation of defective items during production runs is inevitable. Studies have been carried out
to enhance the classic EMQmodel by addressing the issue of the imperfect items produced [2–9]. Nonconforming items can
sometimes be reworked and repaired and hence, the total production–inventory costs can be significantly reduced [10–15].
Schwarz [16] investigated a simple continuous review deterministic one-warehouse N-retailer inventory problem. The
optimization of operating cost issues for the supply chains has since been studied extensively [17–22]. Chiu et al. [22]
employed mathematical modeling along with differential calculus to prove the optimality of the total cost function and
to derive the economic replenishment lot size for an integrated production–shipment problem.
Grubbström and Erdem [23] first introduced an algebraic approach to the solutions of the economic order quantity
(EOQ) and EMQ models without reference to the use of derivatives, neither applying the first-order nor the second-order
differentiations. Such an alternative is particularly helpful to production planners in real-life supply chain environment
because various decisions regarding replenishment lot sizes need to be made by them routinely and only simple algebra is
required to understand the complicated integrated production–shipment system [24–27].
This note extends the algebraic approach to the solutions of the integrated production–shipment problem studied by
Chiu et al. [22] and demonstrates that the optimal replenishment policy and the long-run average costs can both be derived
without using derivatives.
2. Problem description, modeling, and analysis
The integrated production–shipment problem [22] with a rework process and multiple shipments will be reexamined.
To ease readability, this paper adopts the same notation used in [22]. A description of the problem follows. Consider a
manufactured item that has a flat annual demand rateλ and a constant production rate P . The process has a randomdefective
rate x, and defective items are generated at a production rate d. All items produced are screened, and the inspection cost
is included in the unit production cost C . All defective items are assumed to be reworkable, and rework starts immediately
after the regular process at a rate of P1. Failure in the repair stage θ1 exists (where 0 ≤ θ1 ≤ 1) and this portion becomes
scrap. To avoid shortage from occurring, the production rate P is assumed to be larger than the sum of demand rate λ and
the production rate of defective items d. That is, (P − d − λ) > 0 where d can be expressed as d = Px. Let d1 denote the
production rate of scrap items during rework, then d1 = P1θ1. A multiple shipment policy is employed, and the finished
items can only be delivered to customers at the end of rework when the whole lot is quality ensured; n installments of
finished batches are shipped to customers at a fixed interval of time during production downtime t3 (refer to Fig. 1).
The production cycle length is T = t1 + t2 + t3. For any given production cycle TC(Q ) consists of the following.
(a) Variable manufacturing costs and setup cost per cycle:
CQ + K . (1)
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Additional notation
K1 = fixed delivery cost per shipment,
K = setup cost per cycle,
h = unit holding cost,
C = unit production cost,
CS = disposal cost per scrap item,
CR = unit rework cost,
h1 = holding cost for each reworked item,
CT = delivery cost per item shipped to customers,
H1 = maximum level of on-hand inventory in units when the regular production process ends,
H = maximum level of on-hand inventory in units when the rework process ends,
t1 = production uptime for the proposed EMQ model,
t2 = time required for reworking defective items,
t3 = time required for delivering all quality-ensured finished products,
T = cycle length,
n = number of fixed quantity installments of the finished batch to be delivered by request to customers,
tn = a fixed interval of time between each installment of finished products delivered during production downtime
t3,
Q = manufacturing batch size, to be determined for each cycle,
I(t) = on-hand inventory of perfect quality items at time t ,
Id(t) = on-hand inventory of defective items at time t ,
TC(Q )= total production–inventory–delivery costs per cycle for the proposed model,
E [TCU(Q )]= the long-run average costs per unit time for the proposed model.
(b) Quality costs, including variable repairing costs, disposal costs, and holding costs for reworked items as shown
in Eq. (2).
CR[xQ ] + CS[xθ1Q ] + h1 · P1 · t22 · (t2). (2)
(c) Fixed and variable delivery costs:
nK1 + CT [Q (1− θ1x)]. (3)
(d) Inventory holding costs for items stocked during periods of t1, t2, and t3 [22]:
h

H1 + dt1
2
(t1)+ H1 + H2 (t2)+

n− 1
2n

Ht3

. (4)
Therefore, TC(Q ) becomes
TC(Q ) = CQ + K + CR[xQ ] + CS[xθ1Q ] + h1 · P1 · t22 · (t2)
+ nK1 + CT [Q (1− θ1x)] + h

H1 + dt1
2
(t1)+ H1 + H2 (t2)

+ h

n− 1
2n

Ht3. (5)
To take the randomness of defective items into account and with further derivations, one obtains the long-run average
costs E[TCU(Q)] as follows [22]:
E[TCU(Q )] = E[TC(Q )]
E[T ]
= Cλ
1− θ1E[x] +
(K + nK1)λ
Q (1− θ1E[x]) +
CRE[x]λ
(1− θ1E[x]) +
CSE[x]θ1λ
(1− θ1E[x])
+ CTλ+ hQλ2P(1− θ1E[x]) +
hQλ
2P1(1− θ1E[x]) [(2E[x] − (E[x])
2 − θ1(E[x])2)]
+

n− 1
n

hQ (1− θ1E[x])
2
− hQλ
2P
− hQE[x]λ
2P1

+ h1(E[x])
2Qλ
2P1(1− θ1E[x]) . (6)
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Fig. 1. On-hand inventory of perfect-quality items in the proposed EMQ model [22].
3. Deriving the optimal replenishment policy using an algebraic approach
Instead of using conventional differential calculus to determine the optimality and to derive the optimal replenishment
policy, this paper uses an algebraic approach for determining the optimal production lot-size. Rearranging Eq. (6) based on
different forms of decision variable Q , one obtains
E[TCU(Q )] =

Cλ
(1− θ1E[x]) +
CRE[x]λ
(1− θ1E[x]) +
CSE[x]θ1λ
(1− θ1E[x]) + CTλ

+

(K + nK1)λ
(1− θ1E[x])

· Q−1
+

hλ
2P(1− θ1E[x]) +
hλ
2P1(1− θ1E[x]) [2E[x] − (E[x])
2 − θ1(E[x])2]
+

n− 1
n

h(1− θ1E[x])
2
− hλ
2P
− hλE[x]
2P1

+ h1(E[x])
2λ
2P1(1− θ1E[x])
 · Q . (7)
Let γ1, γ2, and γ3 denote
γ1 = Cλ
(1− θ1E[x]) +
CRE[x]λ
(1− θ1E[x]) +
CSE[x]θ1λ
(1− θ1E[x]) + CTλ (8)
γ2 = (K + nK1)λ
(1− θ1E[x]) (9)
γ3 =

hλ
2P(1− θ1E[x]) +
hλ
2P1(1− θ1E[x]) [2E[x] − (E[x])
2 − θ1(E[x])2]
+

n− 1
n

h(1− θ1E[x])
2
− hλ
2P
− hλE[x]
2P1

+ h1(E[x])
2λ
2P1(1− θ1E[x])
. (10)
Substituting γ1, γ2, and γ3 into Eq. (7), one has
E[TCU(Q )] = γ1 + γ2Q−1 + γ3Q . (11)
With further arrangements of Eq. (11), one obtains
E[TCU(Q )] = γ1 + Q

γ2Q−2 + γ3

= γ1 + Q (√γ2Q−1 −√γ3)2 + 2 · √γ2 · √γ3. (12)
If the following square term in Eq. (12) equals zero, then E[TCU(Q )] has minimal values
√
γ2Q−1 −√γ3 = 0 (13)
or
Q ∗ =

γ2
γ3
. (14)
Substituting γ2 and γ3 in Eq. (14), one obtains the optimal replenishment lot size Q * as
Q ∗ =
 2(K + nK1)λ
hλ
P + hλP1 [2E[x] − (E[x])2 − θ1(E[x])2] +
 n−1
n
 
h(1− θ1E[x])2 − h

λ
P + E[x]λP1

(1− θ1E[x])

+ h1(E[x])2λP1
. (15)
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Then, E[TCU(Q )] (Eq. (12)) becomes
E[TCU(Q ∗)] = γ1 + 2 · √γ2 · √γ3. (16)
The optimal replenishment lot size (Eq. (15)) yields the same result as that given in [22]. A simplified form for the long-run
average cost E[TCU(Q )] is obtained as well.
4. Numerical example
This section uses the same numerical example as in [22] to verify the results obtained by this paper. Consider a specific
production–shipment system in which the annual production rate for an item is 60,000 units and the demand rate is 3400
units per year. The defective rate follows a uniform distribution over the interval [0, 0.3]. All defective items are reworked at
a rate of P1 = 2200 units per year. During the reworking, a portion θ1 = 0.1 fails and becomes scrap. Additional parameters
include C = $100, K = $20,000, h = $20, CR = $60, h1 = $40, CS = $20, n = 4, K1 = $4, 350, and CT = $0.1.
Applying Eq. (15) one obtains Q ∗ = 3454. Using the simplified form for E[TCU(Q )] (Eq. (16)) one obtains the long-run
average cost E[TCU(Q )]= $452,381. These results are identical to those given in [22].
4.1. Discussion
The aforementioned Eqs. (7) to (16) show simple and straightforward algebraic derivations, and the numerical demon-
stration illustrates the practical use of this approach. For line supervisors in production control fields or for first year college
students who may not have sufficient knowledge of differential calculus, such an approach may enable them to easily un-
derstand the real-life vendor–buyer integrated system without reference to calculus.
It is also noted that the original work [22] assumes that only defective rate x is a random variable, thus simplifying the
problem. However, if there are other random variables in the system, extra effort will be required to solve the problem.
5. Conclusions
Unlike the conventional method that uses differential calculus with the system cost function to solve the economic
production lot size problem [22], this paper proposes a straightforward algebraic approach to do so. It is demonstrated
that both the optimal replenishment lot size Q ∗ and a simplified form for the long-run average cost E[TCU(Q ∗)] for a specific
production lot size problem can be derived without using derivatives.
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